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Abstract 

We discuss the systcmatics of obtaining the Cahan-Symanzik equation within the framework 
of the gauge/gravity duahties. We present a completely general formula which in particular takes 
into account the new holographic renormalization results of [T] . Non-trivial beta functions are 
\^ I obtained from new logarithmic terms in the radial expansion of the fields. The appearance of 

■ multi-trace counterterms is also discussed in detail and we show that mixing between single- 

' and multi-trace operators leads to very specific non-linearities in the Callan-Symanzik equation. 

' Additionally, we compute the conformal anomaly for a scalar three-point function in a CFT. 
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1 Introduction 



In the past decade the gauge/gravity dictionary has been developed with ever-increasing precision. 
At the supergravity level, one of its essential ingredients is the framework of holographic renormal- 
ization (see [2] for a review) which is the process of regularizing and renormalizing the infrared 
divergences in the on-shell gravity action. This paves the way for the holographic computation of 
renormalized field theory correlation functions and furthermore leads directly to specific functional 
constraints for the renormalized on-shell action which precisely correspond to the Ward identities 
of the dual field theory. 

In the implementation of holographic renormalization it is generally assumed that the bulk 
spacetime is of a so-called Asymptotically locally AdS (or AlAdS) form. This implies that near the 
conformal boundary r — )• oo the metric can be put in the Fefferman-Graham form [U |4]: 

ds"^ = dr"^ + ■jijdx^dx^ jij = e^'^g^Q-^ij + ... (1) 

where 5(o)ij is a non-degenerate boundary metric and the dots represent sub leading terms as r — t- oo. 
This property of the spacetime indicates that the dual field theory is UV conformal and thus 
guarantees its renormalizability by standard quantum field theory reasoning. Correspondingly the 
on-shell bulk action for AlAdS spacetimes should be holographically renormalizable as well and 
this was indeed demonstrated quite generally in [5]. 

Extension to non- AlAdS spacetimes 

In recent years a variety of conjectures has been made concerning a possible holographic inter- 
pretation of spacetimes which are not of an AlAdS form, see for example [H [3 El El flOl 111] . In 
general the holographic dictionary is far less well-developed for such spacetimes, in particular the 
extension of the holographic renormalization procedure has proved to be all but straightforward. 
Unfortunately, this makes it difficult to obtain general holographic results like Ward identities or 
perform precision tests of these dualities. (A notable exception are the non-conformal branes of 

mm-) 

It is actually quite natural to expect difficulties in extending the holographic renormalization 
procedure to non- AlAdS spacetimes. The modified asymptotic structure of the spacetime indicates 
that the dual theory is no longer UV conformal and therefore renormalizability should indeed 
become a genuine issue both in the bulk and on the boundary. In fact, in many cases the modified 
bulk asymptotics can be directly interpreted as being due to specific irrelevant deformations of 
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the dual field theory [51 [T3l [T3] which makes the issue of renormalizability very explicit. Notice 
that some encouraging results were nevertheless obtained in [13^ [T^ where it was found that the 
non-renormalizability appeared to be rather restricted and therefore the holographic analysis still 
gave physically meaningful results. 

In the recent paper [T] we initiated a systematic study of holography for non-AlAdS spacetimes 
by investigating perturbatively small irrelevant deformations of standard AlAdS backgrounds. By 
working only to finite order in the sources the field theory remained fully renormalizable and corre- 
spondingly we found that the on-shell bulk action could be completely holographically renormalized 
as well. Within this setting we were able to uncover several new and rather nontrivial structures 
which we expect to be directly relevant for the holographic interpretation of non-AlAdS spacetimes. 

The main results of [l] are the following. First of all, we found new terms in the radial expansion 
of the bulk fields which are more leading than the terms corresponding to the field theory sources. 
The presence of these terms implies that the sources become non-linear functions of the asymptotics 
of the bulk fields. We also found so-called pseudo-non-local divergences, which are divergences that 
are non-local in the sources and should have appeared by naive power-counting, but happen to 
vanish once we include merely local counterterms. Finally we wrote down counterterms involving 
the conjugate momentum of the bulk fields which are of a qualitatively new type and correspond to 
multi-trace counterterms in the dual field theory. We emphasize that these results are applicable to 
all holographic computations of correlation functions involving irrelevant operators and thus form 
an integral part of the usual AdS/CFT dictionary. 

Logarithmic divergences 

In [T] we for simplicity picked models with scaling dimensions A such that only power-law di- 
vergences appeared, i.e. the divergences were never logarithmic in the cutoff. This in particular 
implied that the renormalization procedure did not introduce any anomalous behavior under scale 
transformations and therefore the naive Callan-Symanzik equation remained unaffected. However 
in realistic gauge/gravity dualities one does frequently encounter such logarithmic divergences. The 
aim of this paper is therefore to repeat the analysis of [1] precisely for these logarithmic cases and 
to find out how the computation of the holographic Callan-Symanzik equation is affected by the 
new results of [1] which we summarized in the previous paragraph. 

Below we study this problem in the following way. First we review some standard aspects of 
renormalization in quantum field theory in section [2j We begin by presenting the Callan-Symanzik 
equation in its most general form and subsequently discuss some of its properties when the field 
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theory is conformally invariant. In anticipation of the gravity results we also study mixing between 
single- and multi-trace operators at large N. 

Afterwards, in section [3l which is the main section of the paper, we study in detail the same toy 
model as in section 2 of [l]. This time however we will pick a scaling dimension A such that in 
particular the multi-trace divergence becomes of a logarithmic form and we will then focus on the 
effects of the counterterms on the holographic Callan-Symanzik equation. We find that the new 
structures mentioned above indeed lead to various unconventional features which we will describe 
in detail below. After disentangling all the issues we eventually obtain a Callan-Symanzik equation 
which precisely matches the field theory results of section [21 

From the example in section [3] we may distill a general method for obtaining the holographic 
Callan-Symanzik equation. This method is presented in section [4] and we consider it the main result 
of this paper. In this final section we also discuss the relation of our work with the holographic 
renormalization literature and mention some applications and open problems. 

Finally, a byproduct of our analysis is the holographic computation of the conformal anomaly 
for a scalar three-point correlation function which we present in (I86p . As far as we are aware this 
is a new result whose universality is guaranteed by the non-renormalization of [15]. It would be 
interesting to obtain a Weyl-covariant version as in equation (17) of [16j . 

2 Aspects of renormalization in conformal field theories 

In this section we review some general aspects of renormalization in quantum field theory. We 
begin with a discussion of the Callan-Symanzik equation at the level of the partition function. 
We then focus on conformal field theories and give a detailed treatment of the renormalization of 
scalar two- and three-point functions, leading to the appearance of conformal anomalies for certain 
scaling dimensions. Finally we consider operator mixing between single- and multi-trace operators 
and discuss how this leads to specific non-linearities in the Callan-Symanzik equation at large N. 

2.1 The general Callan-Symanzik equation 

In this paper we write the Callan-Symanzik equation as a functional differential equation for the 
renormalized partition function W [t^] , which is by definition the generator of connected correlation 
functions, 

exp{-W[t^]) = /z^^exp ( - S[<i>] - f (fx ^t^{x)OK{x)^ ■ (2) 

J K 
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The partition function depends on the various sources labelled t for operators Ok, where K is 
an abstract index labelling the different operators in the theory and may include Lorentz indices. 
As is explained for example in [T7], general quantum field theory expectations dictate that the 
Callan-Symanzik equation takes the form: 

^^-^nt''] + / d'x + I d'xA[t{x)] = 0, (3) 

where fi is the renormalization scale, A is the conformal anomaly of the theory and the (3^ reduce 
to the standard beta functions of the theory if we restrict ourselves to constant sources. For an 
ordinary renormalizable quantum field theory, (3^ and A are local functions of the sources t^{x), at 
least when expanded to any finite order in the number of sources. Upon functional differentiation 
with respect to the sources one obtains the Callan-Symanzik equation in its familiar form [18\ I19j. 
namely as a differential equation for the renormalization scale dependence of connected correlation 
functions. 

Notice that is dimensionless and therefore its /x-derivative should be equal to a rescaling 

of all distances combined with a rescaling of all the dimensionful sources. We may implement the 
rescaling of all distances by a rescaling of the metric gij on which also depends. We then 

obtain that [171 EQ] 

,lwl,-] = ( / A2.,,-i- + / a X:(A, - , (4) 

where sj is the number of upper minus the number of lower vector Lorentz indices on the source 
t^{x) and A/ is the scaling dimension of Oi{x) in the theory with all the sources t^{x) set to zero. 

In section [3] we will see that the holographic computation will precisely yield a Callan-Symanzik 
equation of the form ([3]) with the ^-derivative replaced with 

2.2 Renormalization of the two-point function 

Consider a d-dimensional CFT with a conformal primary scalar operator O of scaling dimension 
A. It is well-known that conformal invariance fixes the two-point function in fiat space to be of the 
form: 

{0{x)Om = ^. (5) 

The right-hand side as it stands is however not valid at the contact point x = 0. This is because its 
integral does not converge at x = for A > d/2 and therefore ^ is not well-defined in the distribu- 
tional sense. On the other hand, in quantum field theory we do expect correlation functions to be 
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well-defined distributions, so we can for example integrate them against sources (to obtain a finite 
partition function) or take their Fourier transform. Indeed, in ordinary perturbation theory the 
standard renormalization procedures automatically result in such finite distributions. The correct 
two-point function is therefore not quite given by equation ([5]) but rather some renormalization 
procedure is needed to find a finite distribution which reduces to ([5]) away from contact points. 
In the remainder of this subsection we will review the computation of [15] (see also [21]) where 
the principles of differential regularization [22] were used to obtain such a correctly renormalized 
two-point function. 

Let us first consider the case where A — d/2 ^ {0, 1,2, . . .}. In those cases we can recursively 

use 

1 1 1 

(6) 



to rewrite 



4( A - d/2) (A - 1) x2A-2 



1 _r(A-A: + l-d/2)r(A-A:) . 1 



x2A #r(A - (i/2 + l)r(A) a;2A-2fc ' 

with k the smallest integer such that k > A — d/2. We then define a finite 'renormalized' correlation 
function, denoted 

as the distribution obtained via a formal integration by parts: 

Indeed, the right-hand side of Q is finite at x = for any sufficiently regular test function f{x). 
With a slight abuse of notation we will henceforth write: 

1 r(A-k + l-d/2)r(A-k) ,1 . . r 

#r(A-./2+l)r(A) A-d/2^{0.1,2,...), (10) 

and a procedure like Q is then implicitly understood. 

In the special case where A — d/2 = n with n G {0, 1, 2, . . .} the above prescription does not 
quite suffice and logarithmic divergences remain. For those cases we replace, for d ^ 2, 

x<^ 2{d-2) ' ^ ' 



so that d?]) becomes 



x2"+^ 22«+i((i-2)r(7i + l)r(n + (i/2) x'^-2 ' ^ ^ ' 
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Finally, for d = 2 and still Is. — d/2 = n one uses 

1 1 



^^^□ln2(xV) (13) 
to obtain 

In summary, the distributions defined in (jlOp . (I12p and (I14p allow us to write the correctly 
renormalized two-point function for any A and d as: 

{o{x)om=n^. (15) 

As promised, such correlation functions are functionally equal to x"^^ away from contact points 
but they are also well-defined distributions at x = 0. 

Conformal anomalies 

Although the above discussion may appear to be somewhat pedantic, for the special values 
A — d/2 = n it has definite physical consequences in the form of a nontrivial dependence on a 
renormalization scale Indeed, we now find that in those cases (for any d): 

d rn7r'^/2 



where we used that 



as well as 



which is only valid for d = 2. 



□ ^ = '-^^^^6Hx) (17) 
Dlnix"^ Ij.^) = 4tt 6^ (x) (18) 



Scheme dependence 

The renormalized correlation functions we defined above are generally not unique. We may for 
example add delta functions or derivatives of delta functions to the correlation function to obtain 
a different but still finite result with the right conformal dimension. For example, for A = n + d/2 
we can change the renormalization scale to obtain a new renormalized correlation function of the 
form: 



+ a,U-5^x) , (19) 
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where 02 can be an arbitrary finite dimensionless coefficient. This scheme dependence does not 
modify the conformal anomaly of the two-point function. However the conformal anomaly of the 
three-point function, which we compute below, is partially dependent on the scheme chosen for the 
two-point function. 



2.3 Renormalization of the three-point function 

Our next example is the renormalization of the three-point function of three identical scalar oper- 
ators. Away from contact points it takes the form: 

C3 



{0{x)0{y)0{z)) 



(20) 



{x — y)^{y — z)^[z — x)^ 
Divergences arise when either two out of the three points coincide or when all three points coincide. 
Rather than regulating all these divergences let us for the moment focus on the case where x — )• y 
only and compute the associated conformal anomaly. The relevant part of the operator product 
expansion is given by: 



0{x)0{Q) 



^2 , 

-\- 

^2A ^ 



C3 



1 + + -^^^^x^'x''^.^^ 

2 ^ 8(A-M) ^ 

A 



8(A+l)(2A-.+ 2) °<°' + - <^1' 

where we included the contribution of the first two descendants. We now substitute the OPE in 
the three-point function, use the fact that {0{x)) vanishes by conformal invariance and replace the 
singular distributions as x — t- by renormalized distributions to find that: 



(O(x)O(0)O(z)) 



C3 

C2 



7^- 



1 



x^ 



n- 



da + 



A- 



8(A + 1) 



7^ 



x^ 



8(A-M)(2A -d-h2) 



n- 



.A-2 



□ + 



(O(z)O(O)) 



where the distribution corresponding to x^/x^ is defined for A 7^ 2 as: 



-1 



1 



.A-2 



(22) 



(23) 



X" A - 2 ' X- 

and the derivative of the renormalized distribution on the right-hand side is as usual defined via a 
formal integration by parts. For A = 2 we may use 



7^- 



1 



-9^ log(xV^)- 



x^ 



We also define 



7^ 



x'- 



A-2VA 



-d^d^n- 



,A-4 



.A~2 



(24) 
(25) 



for A 7^ 2, 4. For A = 2 no renormalization is needed and for A = 4 we use 

= -Id'^d'' In(xV') + b'^'T^X ■ (26) 
4 Z x^ 

We have now defined all the renormalized distributions appearing in (j22p . From the above results 
one may directly compute the associated conformal anomaly for any A or d. We will not give the 
general result here but instead restrict ourselves to two specific examples. 
First let us consider the case where A = d. In that case we find that 

d Ic-^'k'^I'^ 
;u— (C'(x)C'(y)0(z)) = , - y)(p{y)0{z)) + (permutations) + (ultralocal) , (27) 

d\i C2r(a/2) 

where the terms we omitted are either permutations of (x, y, z) of the first term or ultralocal terms 
which are nonzero only when all three points come together. 

Our second example is the case where d = 2 and A = 4 which we will match to a holographic 
computation below. In that case we find that 



^^{Oix)O{0)Oiz)) = ^ ia5\x)) + {d^'5\x))d^ + -5^{x)U (O(z)O(O)) 



dji 2c2 



1 



4 

+ (permutations) + (ultralocal) . (28) 



As far as we are aware this conformal anomaly for three scalar operators has not been computed 
before in the literature and it would be interesting to extend the above methods to also obtain the 
ultralocal component of the anomaly. We will instead compute it using holographic methods in the 
next section. 

Notice that in both of the above examples all the subsequent terms that appear in the operator 
product expansion ()2ip are finite and therefore do not give rise to further conformal anomalies. 



2.4 Conformal anomalies and the partition function 

Let us now integrate the correlation functions against sources to obtain the anomalous transforma- 
tion properties of the partition function W\t] which we defined in We henceforth consider only 
a single operator O and therefore we will drop the index K which appeared in ([2]). By expanding 
in the source t{x) we find that up to the level of the three-point function the partition function is 
given by: 



W[t\ = -\j d''xd''y{0{x)0{y))t{x)t{y) 

+ ^ j d'^xdVz{0{x)0{y)0{z))t{x)t{y)t{z) + 
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(29) 



Let us focus on the case where d = 2 and A = 4. Using the results of the previous section we 
straightforwardly find that 



^d-,"^^'^ = 4^ 



t{x)Ut{x) - ^Ut{xf {0{x)0{z))t{z) 



C2TT 



■t{x)n^t{x) + (ultralocal) 



(30) 



+ ... 



-64-36 

where we again did not explicitly write the ultralocal terms in the anomalous behavior of the 
three-point function. We may alternatively write this as follows: 



li^W\t] = ! d^x\t{x)Ut{x) - \ut{xf 

dfj, 4c2 y L ' ' 4 



5W[t] 
6t{x) 



d^x 



C2vr 



■t{x)n\^t{x) + (ultralocal) 



(31) 



-64 • 36 

This equation is precisely of the form ^ and we can directly read off that 



+ . . . 



Pit) 



TTCs 
4C2 



t{x)at{x) - ^at{xf 



(32) 



Notice that this beta function vanishes for constant t{x). This would not be the case for a marginal 
operator with A = d and C3 7^ as can be seen directly from (]27p . 

In the second part of this paper we will compare equation (I3ip with the results from the 
holographic renormalization procedure and find perfect agreement. Furthermore, we will also obtain 
the ultralocal piece at the level of the three-point function which we present in (|86p below. 

2.5 Multi-trace counterterms and operator mixing 

In this subsection we consider mixing between single- and multi-trace operators in the large N 
limit. As we review in the appendix to this paper, at large the multi-trace partition function 



takes the form 



exp{-N^w[t, /]) = j D<i>exp(^- S - N j to - j f{N~^0) 
w[t^ /] = w^[t + f\a)] + / d'^xUia) - f'{a)a) , 



(33) 
(34) 



where 

a = w'^[t + f\a)] (35) 

and WQ[t\ = w\t^ 0] is simply the single-trace partition function. We take the multi-trace deformation 
/((j) to be of the form: 

f{a{x)) = Y,tk{x)a{xf (36) 



k>2 
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and we also define ti{x) = t{x) so the functions tk{x) source the operator for all A; > 1. Upon 
a small variation of the sources tk{x) we obtain that 

5w[tk\ = Y, j d''xa{x)Htk{x) (37) 

k>l 

and the one-point functions of O'^ are therefore given as: 

{0^{x)) = N^a{xf . (38) 

Let us now consider the Callan-Symanzik equation for multi-trace operators at large N . If the only 
nonzero sources are the tk{x) then the general Callan-Symanzik equation ([3]) takes the form: 

+ J d^x ^/3,[t,(x)]^ + j d'^xAMx)] =0, (39) 

where we absorbed an extra iV~^ in the definition of the conformal anomaly. Upon substitution of 
(j34p and using (j35p and (|37p we find that we may rewrite this equation as: 

^^^4^^*'''^'"'] + / '^''^ + / d'^xAMx)] =0. (40) 

^ fc>l i>l 

Notice that in particular all the terms involving /iS^jO" cancel which is why we recover merely the 
^-variation of the single-trace partition function. As in (j34p it should be evaluated at the shifted 
source 

t + f'{cT) = Y,ktkC7'-'. (41) 

k>l 

We will now work out equation (|40p a bit further in two examples. 

Marginal double-trace operator 

Our first example is a scalar operator with A = d/2. In that case we may use the results of 
section [2] to find that the conformal anomaly at order t{x)'^ for the single-trace partition function 
is given by: 

5 -r.. fM^AU^- f ,dJC2i:^'\,,2 



i'-Q-^Mt] = -J d^xAit] = -J d^x^^tixY . (42) 



For a shifted source we therefore directly obtain that: 

2c27r'^/2 



A^l^w^olii + 2t2C7] + J d'^x^^^ihix) + 2t2{x)a{x)f = . (43) 
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Comparison with (j40p yields once more the expected expression for the conformal anomaly A but 
we now also find the non-trivial beta functions: 

^ (44) 

for the single- and double-trace operator, respectively. We may also switch off the single-trace 
interaction and obtain a Callan-Symanzik equation just for the double-trace deformation: 

We conclude that the conformal anomaly in the two-point function of an operator O of dimension 
d/2 directly results in the above beta function for O^. Furthermore, if we restrict ourselves to only 
a double-trace deformation then it is not hard to deduce that there cannot be any higher-order 
contributions to (j45p . The beta function obtained from (j45p is therefore exact in t2, a result which 
is in agreement with the diagrammatic analysis of |23j. 

Irrelevant operators 

Our second example considers operator mixing between irrelevant single- and multi-trace opera- 
tors. Let us suppose that the single-trace operator O mixes with the double-trace operator at 
order k in the sources. As is explained for example in the textbook [2l], at the level of correlation 
functions this means that 

Oixi)0{x2)0{x3)...Oixk) (46) 

mixes with 

5'^(xi - X2)6''{x2 - xs) . . . 6''ixk-i - Xk)0\xk) . (47) 

At the level of the partition function this implies that we find a nonzero /3 function for of the 
form: 

/^2 = a^l(x)^ (48) 

with a a constant. Notice that by power-counting such a term can only arise if {k — 2) A = (k— l)d, 
so in particular we need A > d and k > 3. Suppose also that we a priori do not switch on 
any sources for the double-trace operator and let us ignore all other beta functions and conformal 
anomalies. In that case equation (j40p combined with (j4|) reduces to the following equation for the 
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single-trace partition function: 




where for later reference we re- wrote cr{x) as the variation of the partition function tt;o[i]- This 
perhaps un-intuitive Callan-Symanzik equation, which is non-linear in first derivatives, is precisely 
the equation we will obtain holographically below. However we may now conclude that its proper 
field theory interpretation is simply given in terms of a standard Callan-Symanzik equation involving 
single- and double-trace operator mixing at large A^. 

We note that multi-trace counterterms generically make their appearance if one does not send 
the field theory cutoff to infinity. Correspondingly, one may expect to encounter equations similar 
to (|49p in the planar version of Polchinski's renormalization group equation, or alternatively in the 
study of holography with a finite cutoff. This is indeed the case and was studied in [251 IISI [23 [2H] • 
In this paper we do send the cutoff to infinity and consider the appearance of multi-trace operator 
mixing for the fully renormalized partition function. 

3 Scalar field with single-trace counterterms 

In this section we work out the holographic renormalization of the on-shell action for a massive 
scalar field $ with a interaction, order by order in A. This is the same toy model as in section 
2 of [I], but this time we choose the specific values d = 2 and A = 4, so m? = A(A — d) =8. 
Choosing these values makes it precisely one of the cases we excluded in [T] because the radial 
expansion of <I> is no longer a simple power series in exp(— r) but rather involves 'logarithmic' 
terms which are well-known to complicate the usual holographic renormalization analysis. (In our 
coordinate system these 'logarithmic' terms are actually of the form log(e~'") = — r, so polynomial 
in r.) Notice that we specifically chose A = 2(i in order for the multi-trace divergence exhibited in 
m to be of logarithmic type. 

The computations in this section are largely analogous to those presented in section 2 of [1] . We 
will therefore assume some familiarity with the contents of that paper and focus on the differences 
brought about by the logarithmic terms. 
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3.1 Setup 

In this subsection we set up the bulk problem, following [1]. The three-dimensional bulk action is 
given by: 

S = j (fxVG(^^d^,<i>d^<l> + 4«>2 + iA<53) . (50) 
The background spacetime is empty Euclidean AdSs with a metric of the form: 

G ^ydx^" dx" = dr^ + •jijdx'-dx^ jij = e^'^5ij , (51) 

with i G {1, 2}. The equation of motion becomes: 

□g^* - 8$ - A^>2 = ^ + 2i> + e~2' no^> - 8$ - = , (52) 

where a dot denotes a radial derivative and we introduced Dq = S^^didj. We will below also use the 
covariant Laplacian = ^''didj = e~'^^6^Widj. We will solve equation (j52p only perturbatively 
in A, ignoring the backreaction onto the metric or any other fields as well as any non-perturbative 
effects. To this end we expand the solution $ as: 

$ = ${0} + ^{1} + ^{2} + ^{3} + • • • (53) 

with the individual terms given by the solutions to linear equations: 

(□g - 8)c^|o} = 
(□g - 8)c^|i| = A^Jo} 

(□g - 8)${2} = 2A$|o}${i} (54) 

(□g - 8)${3} = Xi^l^y + 2${o}^{2}) 



and boundary conditions which say that 

# = ... + e2>|o}(_2) + . . . (55) 

These boundary conditions are explained in more detail in [1]. They will be unaffected by the 
presence of logarithmic terms. 

The on-shell action takes the form: 

S = -^ J d^xVG^^ + d^x^^^ , (56) 
where for our choice of background coordinate system we find that \/G = = e^^ . 
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3.2 Free-field analysis and two-point function 

The first step is to perform tfie holograpliic renormalization at order A'^. At tfiis level the scalar 
field is free and the analysis is completely familiar. It was first presented in [29j and is also reviewed 
in the lecture notes [2]. We summarize the essential features below. 

Solution of the equation of motion 

We begin by asymptotically solving the first equation in (I54p . which more explicitly reads: 

^'{o} + 2i{o} + e-2^no${o} - 8^{o} = . (57) 

At the risk of being somewhat pedantic we will now explicitly demonstrate how this equation 
leads to logarithmic terms in the radial expansion of We begin with the leading behavior of 
$ as r — )• oo. Upon substitution of the ansatz ^{o} ~ (/){o}(a)(^*) 6xp(— or) in ([57|) we find that 
the allowed solutions have a = —2 and a = 4. Near the boundary we therefore find the two 
asymptotically independent solutions: 

^{0} = e^>{0}(-2) + • • • + e-^>{o}(4) + • ■ ■ (58) 

The subleading terms in the expansion appear because of the explicit exp(— 2r) multiplying the 
box in (j57p . suggesting a radial expansion of the form: 

^{0} = e^''0{o}(-2) + <P{om + e"^''</'{o}{2) + e"^''</'{o}{4) + e~^''<P{om + ■■■ (59) 
Upon substitution of this ansatz into the equation of motion one finds that: 

^4'{0}{-2) - 8</'{o}(0) = 

0<P{om - 8</'{o}{2) = ^^^^ 

n0{o}(2) = 

□</'{0}{4) + 16'/'{0}{6) = • 
The first, second and last of these equations can be used to determine the coefficients 0{o}(o); 
4>{o}(2) aiid (p{o}{6) ™ terms of the asymptotically independent boundary data </>{o}(-2) ^iid 0{o}(4)- 
However the third equation is problematic as it would lead to the constraint that n^0{o}(-2) = 0- 
Such constraints should not arise for a linear second-order differential equation and we conclude 
that the naive expansion ()59p does not capture the most general solution to the equation of motion. 
The correct radial expansion is easily found to be: 

^{0} = e^'''0{o}(-2) + 4>{0}{0) + e"^>{o}(2) + e"^''(r(^{o}(4) + 4>{o}{a)) + 4>{o}{6) + ■■■ (61) 
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Indeed, this expansion alleviates the problem and replaces the third equation in (j60p with: 

1 o 

'^{o}(4) = '^{0}(-2) (62) 

and the coefficient <^{o}(4) is still left undetermined by the asymptotic radial expansion. 

The asymptotic solution to the equation of motion at higher orders in A, which we present 
without derivation below, will feature more logarithmic terms. These either originate directly from 
logarithmic terms at lower orders or they are obtained in precisely the same way as above, i.e. by 
requiring the existence of two asymptotically independent solutions. 

Counterterm action and one-point function 

The next step is to substitute the solution (j6ip into the on-shell action (j56p at order and find 
a counterterm action So.ct which cancels the divergences. This counterterm action can be obtained 
using standard methods [2] and we will not repeat its derivation here. The full counterterm action 
is given by: 

So,ct = j d^x^i-^^ + ^^u^^ + ^^n^^ + Y^^^^n'^) • (63) 

Notice that the logarithmic term in (j6ip leads to a logarithmic divergence in the bare on-shell 
action. This divergence has to be cancelled with a logarithmic counterterm, i.e. a counterterm 
featuring an explicit r, which is the last term in ()63p . 

The first variation of the on-shell action takes the form: 

<5(5{o} + 5o,ct) = j c?^x(-6(/>|o}(4) + -^tf </'{o}{-2))'5(/>{o}{-2) • (64) 

Notice the prefactor —6 equals A_ — A+, as in section 2 of [1], and we also find a non-zero contact 
term. This contact term is scheme-dependent because one may add to the action an arbitrary 
multiple of the finite local counterterm given by 

y ii^X(/>|o}(_2)tf0{o}(2) , (65) 
which is easily seen to modify the coefficient of the contact term in (|64p . 

Conformal anomaly 

Let us now consider the derivation of the holographic Callan-Symanzik equation. Although the 
holographic conformal anomaly for the scalar two-point function is a standard result |291[2]. we will 
derive it here in a slightly different manner which will generalize more easily to the more involved 
examples in the next subsections. 
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We start with the simple observation that the renormahzed action remains finite as we let the 
cutoff r — 7- oo. This in particular implies that its first derivative with respect to r should vanish, 

lim -^{SsQ} + So,ct) = . (66) 
1 — s-oo ar 

Now, for every finite value of r the action can be viewed as a functional of the scalar field the 
boundary metric -jij and, in the case of logarithmic counterterms, an explicit function of r itself. 
This observation allows us to rewrite the total derivative with respect to r as: 

|:5[<^,7.„r] = ( I d'^^^ + I d^x7.,^ + |:)5[c|>,7.„r]. (67) 

In the large r limit we find from (|6ip that <I> — )• 2<& and from (jSip we also obtain that jij = 2^ij. 
Furthermore, the only term contributing to the partial r-derivative is the logarithmic counterterm, 
so the last counterterm in ()63p . since it is the only term featuring an explicit r-dependence. We 
may therefore write: 



lim 

r— >oo 



0. 



The next step is to change variables from to ((/'{o}(-2)i S'ii)- This is straightforward since 

as r — )• oo we find that ^ — t- e^'"0|o}(_2) ^-i^d similarly jij — t- e^^' gij (where gij = 6ij in our case). 
Furthermore, the combined action Sjo} + ^o^ct becomes the renormalized partition function VFjo} 
of the dual CFT as r — >• cx). We therefore find: 

d^x2<P{o}{~2)T-^ + / d''x2gi~)W{o} + A[c^{o}{^2)] =0, (69) 

'J9{0}{-2) J OQij / 

with the conformal anomaly given by: 

A<l^m~2)] = Y^/ c^'^^</'{o}(-2)no<^{o}(-2) • (7o) 

Equations (I69p and (I70p together give a holographic Callan-Symanzik equation whose functional 

form matches precisely (I3ip combined with ^ and expanded to second order in the sources. 

Furthermore, the overall coefficient of 1/128 in ()70p also agrees with expectations, since upon 
comparing with ()3ip we obtain 

1 covr 18 , , 

= — — ^ C2 = — . (71) 

128 64-36 vr ^ ' 

Now according to (HOj, the two-point function obtained from a canonically normalized bulk scalar 

field has 

^ (2A-ci)r(A) 
' vr'^/2r(A - d/2) ' ^ ' 



which indeed reduces to 18/7r for d = 2 and A = 4. 
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3.3 First correction and three-point function 

Let us now work out the first-order correction in A. Just as in the previous subsection we wiU 
solve the first-order correction to the equation of motion, substitute it into the on-shell action, add 
counterterms to cancel the divergences and obtain the renormalized one-point function and the 
holographic Callan-Symanzik equation. 

First-order bulk solution 

To find the first-order correction <l*{i} in (I53p we need to asymptotically solve the second equation 
in (|54|) . The resulting solution takes the form: 

^{1} = '^{i}{~4)e'' 

+ (<^{i}(_2)r + 0)e2^ 

+ ^{i}{0)r + 0{i}(o) C^^) 
+ i(f>{imr + (l){i}{2))e~^'' 

+ {(t>{imr^ + ^{i}(4)?' + 4>{im)e~^'' + ■■■ 
Just as in the analogous computation in [1] we find that almost all the coefficients in this expansion 
can be recursively determined in terms of 0{o}(-2)- The only exceptions are 0{i}(4), which is not 
determined in terms of (/'{o}(-2) by the asymptotic analysis alone, and 4'{i}{~2)i which is an order 
A correction to the source and which we set to zero in (I73p . For the other coefficients we find for 
example that: 

'^{i}(-4) = ^^^^ 

^{l}(-2) = ^('^{0}{-2)n</'{0}(-2) - lO(l'{0}(-2)) ■ 



Notice also the presence of the quadratic term 'A{i}(4)^^ iii (|73p . It arises from the equation of 
motion in a similar manner as the linear term which we discussed in the previous subsection. 

Computing the more subleading coefficients of the various terms in (|73p becomes an increasingly 
tedious task. As an example of the complexity involved, let us consider (p^i^^y Using Mathematica 
we find that it takes the form: 

^^^^^^^ " 29^ ( " °^'^{0}(-2) + (<^{0}{-2)°'^{0}(-2)) - 4tf<^|o}(_2)n'^{0}(-2) 

- 4n(</'{o}(-2)n^'/'{o}(-2)) + 2(/'{o}(-2)n^'/'{o}(-2) j • 

We emphasize that all steps involved are algebraic so the computer implementation is relatively 
straightforward. 
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Counterterm action 

The next step is to substitute the solution ^{0} + ^{1} on-shell action (j56p plus the 

counterterm action (j63p which we needed at zeroth order in A. We then compute the divergences 
in the on-shell action which would arise as r — )• 00 and find the counterterm action which cancels 
these divergences. This analysis is again largely analogous to that of section 2 of in particular 
one again obtains the so-called 'pseudo-non-local' divergences discussed in [l] which are again all 
cancelled by local counterterms. 

Rather than writing down the full form of the counterterm action, which is rather involved, let 
us present here only the logarithmic terms which are relevant for the computation of the anomaly 
below. These take the form: 

Su. = A / ... - ;^*'^n?4. + ^ [*^n^* - 4m?(m,*)] 

9223 1 1 \ 

L73728 T 12288 ^ ^ 4096 ^ ^ ^ / 

Notice the appearance of the term involving an explicit which corresponds to a divergence of 

the form log^(A/;u) in the field theory. 

One-point function 

The one-point function is again obtained by following the same procedure as in [1], so in particular 
we again need to take into account the more leading terms in (j73p which complicate the relation 
between $ and the source (/'{o}(-2) • This can be done straightforwardly, see again [1], and eventually 
we find the first variation of the on-shell action to be: 

6{S + So^ct + 5'i,ct) = j (i^2;(-6[(^{o}(4) + </'{i}(4)] + (contact terms))50{o}(-2) ■ (77) 

The term in square brackets is the non-local term which is exactly of the expected form and 
matches the result at order A of [1]. The contact terms at order A involve both local contact terms, 
for example the term 

XO4>{0}{-2)<P{0}{A) , (78) 
as well as ultralocal terms which are for example of the form 

^O'^(P{0}[~2)(t>{0}{~2] ■ (79) 

The number of boxes in these expressions is fixed by demanding that these contact terms have the 
correct conformal weight. Notice that the boxes may act in different ways on the sources which leads 
to a proliferation of terms. The exact form of the contact terms is however again scheme-dependent. 
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Conformal anomaly 

Let us now investigate the conformal anomaly for the three-point function. Just as in the previous 
subsection, our starting point is the observation that the radial derivative of the renormalized on- 
shell action should vanish, which we may write in terms of functional derivatives as 

' = }T^{I + / d'x%^^+^)iS + So^.. + S,,,). (80) 

We should convert this into an equation for the renormalized partition function by changing vari- 
ables from $ to (j){o}{-2) s-iid from to the boundary metric gij. Although the change of variables 
for the metric is trivial, this is not the case for the scalar field itself because of the leading terms 
in ([73]). Indeed, we find from ([73]) and ^ that: 



^ = ^^^''^{0}{-2) + -^re^''[^{0}{-2)O<P{0}{-2) - ^□0</'{0}(-2)] + e^'''^{0}(-2) + ■ ■ ■ (81) 

Rather than working out the change of variables explicitly, let us employ the following trick. We 
rewrite schematically: 

where we used that jij = e^^gij and therefore 7ij = in our case to obtain the last term. In the 
next subsection we will furthermore explain that the first term is given by: 

"^'^^^ + / = 20{O}(_2) + ^{l}(-2) 

A 1 ^^^^ 

= 20{o}(-2) + ^[</'{O}{-2)nO0{O}(-2) - ^nO0{o}(--2)] + • • • 

where (/)|i|(_2) is the term of order exp(2r)r in the radial expansion of ^{i} and was given in (I74p . 
We now substitute this result into (j82|) and then substitute everything back into (j80|) to obtain the 
Callan-Symanzik equation to first order in A: 



5W 



0}(-2) 



(84) 



(fx{2<j){Q^^2) + ^[</'{0}(-2)n0<^{0}(-2) - ^□0</'{0}(-2)- 
+ j (TxlQij— + A[^{Q}i^^2)] =0, 

where the conformal anomaly A is defined as: 

d 

A(t>m^^)\ = }}^ ^(*5o,ct + 5i,ct) . (85) 

The logarithmic terms in the counterterm action were given in (j63p and (j76p . From their explicit 
expression it is not obvious that the expression on the right-hand side of (j85p is finite. However, 
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this must be the case since all other terms in (j84p are finite. Indeed, using Mathematica we find A 
to be a finite local function of (A{o}(-2) with the precise form: 

1 



+ ('?^{o}{-2)^no</'{o}(-2) - 4(?;'{o}(-2)no<?^'{o}(-2)no0{o}(-2)) (86) 

■(no0{O}(-2) (□o</'{0}(-2)) ^ + (□o'/'{0}(-2))^ 0{O}(-2)^ 



4096 

Notice that we already obtained the leading term in ()70p . The terms on the second line turn out to 
be scheme-dependent, since their overall coefficient can be shifted by adding a finite counterterm 
at the level of the two-point function as we explained at the end of subsection I2.2i Finally, the 
terms on the third line are independent of this choice for the renormalization scheme. As far as we 
are aware the expression (j86p for the conformal anomaly of a scalar three-point function is a new 
result. 

Upon comparing (j84p with (j3ip and using @ we see that the functional form of (|84p precisely 
matches CFT expectations. From these equations we also obtain a prediction for the coefficient of 
the three-point function: 



C3 = IT^ = — , (87) 



A 7rc3 Ac2 3A 

24~4^ ^ ^^~67~^ 

where we used ()7ip . Now, the correlation function of three identical scalar operators is given by 2A 

times the three-point scalar Witten diagram, where an extra factor of 2 arises from the functional 

differentation of the one-point function which is quadratic in the source. The overall coefficient 

obtained from the Witten diagram was presented in equation (25) of [30] and for identical operator 

dimensions results in: 

_ r(A/2)3r((3A - rf)/2) 

- 2vr'^r(A - <i/2)3 ' 

which indeed precisely reduces to 3A/7r^ for (i = 2 and A = 4. 

To summarize, we found that both the functional form and the overall coefficient of the anomaly 
match field theory expectations. It is amusing to note that we were able to compute the normal- 
ization of the three-point function without performing a complete bulk analysis. 

3.4 Extension to higher orders 

Let us now explain the relation (I83p . To this end we notice that the operator 
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implements precisely an infinitesimal diffeomorphism given by a constant shift in the radial direc- 
tion. Since the equations of motion are diffeomorphism invariant, this operator maps solutions to 
solutions. Furthermore, for any solution to the equation of motion the term (j)[o}{~2) is precisely 
the coefficient of the term exp(2r) in the radial expansion of <1>. Under a small shift in r this term 
is straightforwardly found to change by: 

Sr(p{0}{-2) = 20{O}(-2) + 4>{1}(~2) (90) 

and this explains ([83|) . 

The above argument however directly extends to all orders in A, at least as long as we do not 
have multi-trace counterterms. Indeed, we may use exactly the same reasoning to write: 

(^r(/'{0}(-2) = '2<P{0}{-2) + 4>i-2) , (91) 

where now the term 4>(-2) the right-hand side is the term of order exp(2r)r in the radial expansion 
of ^ to any given order in A. In the absence of multi-trace counterterms the all-order holographic 
Callan-Symanzik equation can therefore be compactly written as: 



{o}{-2) J ogtj ■ 

Furthermore, this method also direcly extends to the normalizable mode ^{^/^ . In that case the 
corresponding result is given by 

^r4>{A) = -4</'(4) + (^(4) 5 (93) 

which again holds to all orders in A. We may now repeat the above change of variables from ($, 7^^) 
to ((/*{o}(-2))5ii) to arrive at the following all-order Callan-Symanzik equation at the level of the 
one-point function: 



(2</'{0}(-2) + 4>{-2)) ^^^^^^ + 2 j 9ijj^)<P{i){x) = -4(/)(4)(x) + 4>i4)ix) . (94) 



Notice that this equation is completely equivalent to (|92|) and gives an alternative way to compute 
the (first variation of the) conformal anomaly A. 

Let us emphasize again that the equations (j92p and (j94p hold up to any order in A provided we do 
not need any multi-trace counterterms. The necessary modifications when multi-trace counterterms 
do appear are discussed below. 

We note that obtaining conformal anomalies by exploiting the asymptotic equivalence between 
radial diffeomorphisms and scale tranformations is a standard result which dates back to the early 
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days of AdS/CFT |31l 132] . Nevertheless, the above extension to irrelevant operators, which in 
particular includes more leading terms in the radial expansion and corresponding nontrivial beta 
functions, appears not to have been considered so far. 

Finally, it is of course well-known that the above reasoning can also be extended to incorporate 
local rescalings, i.e. Weyl transformations. These are generated by specific bulk diffeomorphisms 
called PBH transformations and discussed in for example |331 [34t [35| [36] . For these transformations 
the corresponding conformal Ward identity can be obtained by replacing (166p by invariance under 
such a general PBH transformation which follows direcly from diffeomorphism invariance of the bare 
on-shell action {i.e. from the ordinary constraints of general relativity). It would be interesting to 
generalize the results presented here to include such local Weyl rescalings. 

3.5 Third-order correction and multi-trace counterterms 

At second and third order in A the computation of the counterterms parallels the discussion in 
section 2 of [1] , plus additional logarithmic divergences which we may deal with in the same manner 
as in the previous subsection. Rather than performing a full analysis we will in this subsection focus 
on the novelties brought about by the multi-trace counterterm. As explained in [1], such a term 
arises at order if the scaling dimension A > 2d. Since in our case A = 2d we find by power 
counting that this counterterm should become of a logarithmic form. This in turn should lead to 
mixing between single- and multi-trace operators and below we will see that this indeed turns out 
to be the case. 

In the following we omit all the terms involving the box □. This will allow us to focus on the 
multi-trace divergence and counterterm without having to deal with the added complexity of these 
subleading terms. 

Third-order bulk solution 

The solution to the equation of motion up to order A^ takes the following form: 



^ = e >{o}(-2) + e >{o}(4) + • • • 




(95) 
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where here and below the dots represent terms involving boxes. Notice the appearance of the term 
of order exp(2r)r at order which involves the non-locally determined term <A{o}(4) t>ut is more 
leading than the source term of order exp(2r) on the first line. As explained in [1] this is a sign that 
the variational principle will have to be modified and therefore multi-trace counterterms should 
appear. 

Counterterm action 

It is straightforward to find that the counterterm action takes the form: 

= [ SxJ^i - <i>2 - Acl>3 + _ ^^$5 ii^^$3n2 + _ _ \ (gg) 

J ^ 'V 24 1280 30720 11520 /' ^ ' 

again up to terms involving boxes. The last counterterm involves the renormalized conjugate 
momentum Ilr which is defined as: 

= $ - 2^> + . . . = -60{o}(4)e"^'' + . . . (97) 

In [1] it is explained that counterterms involving the conjugate momentum should be interpreted 
as multi-trace counterterms. As announced in the introduction to this subsection, in the present 
case the multi-trace counterterm indeed arises at order A^ and is of a logarithmic form. 

As in section 13.21 we again find a scheme dependence associated to the logarithmic divergence. 
Here it arises by considering the particular counterterm 

/llA"^ f llA'^ 

'^'^^11520'^'"' = " J W'^?o«-2)<A{o}(4) + • • ■ (98) 

with an arbitrary finite real coefficient a. (We inserted the extra 11/11520 for later convenience.) 
Since this term is finite as r — )■ 00 we may freely add it to the on-shell action and changing a then 
corresponds to a change in the renormalization scheme. Since we would like to make this scheme 
explicit dependence below, we continue to include this counterterm with arbitrary a. 

One-point function 

The total variation of the on-shell action plus the counterterm action is given by: 

6{S + Set + Set) = J d^x^^d^ + 5Set + dSet = 

J ^ ' \ ' 8 ^ 320 6144 3840 ^ ^ ' j \ J 

/I 1 \3 
d^x^—-{r + a)^^Ur5Ur 
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and in terms of the variables (A{o}(-2) 0{o}(4) we find that this variation becomes: 

6{S + Set + Set) = 



^^^(-6 J^0W{4) +A^(— — + — a)0fo}(-2)'A{^^^^^ (100) 



12800 320 

i=0 



I 

The term multiplying (5(/>{o}{-2) is the expected non-local contribution to the one-point function plus 
a local scheme-dependent contact term. However on the last line we find an unusual additional 
term proportional to the variation 5</'{o}(4)- The appearance of this term implies that the proper 
boundary data is no longer 4'{o}[^2) but rather X{-2) which is defined as: 

Indeed, the change of variables from (p{o}[-2) to X(-2) leads to a proper variation of the on-shell 
action of the form: 

6(3 + Set + Set) = 

f / ^ 757 33 \ (102) 

/ ^'^( - 6E "^WW - ^'(l^ + ^«)^(-2)'^{o}(4) + • ■ ■)^Xi-2) ■ 

Following the usual multi-trace literature |371 [38| [39l [40l |4T| |42] the extra variation involving 
5i?!){o}(4) and subsequent redefinition of the sources can be interpreted as an insertion of the multi- 
trace operator O^. In our case this insertion is induced by the counterterms and arises from mixing 
between the single- and the multi-trace operator. Consequently, its precise form should be scheme- 
dependent and this is indeed reflected by the explicit a appearing in (jlOOp . Notice that such mixing 
could not occur in [T] because operator mixing only arises in the presence of logarithmic divergences. 

Conformal anomaly 

We may now find the holographic Callan-Symanzik equation as follows. As before, we begin 
with: 

lim -^(S + Set + Set) = (103) 
r— >-oo (IT 



and then rewrite the radial derivative as a functional derivative. From ()99p we see that it is natural 
to regard the on-shell action as a function of both $ and 11,.. We may therefore write: 
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The next logical step would now be to change variables to (t>{o}(~2) ^^^'^ 0{o}(4)) which we may 
similarly regard as independent variables, and then finally change variables to X{-2)- 1^ is however 
easier to work in a scheme where X(-2) = 4'{o}{-2)- According to (jlOip this can be done by choosing 

(105) 

768 11 ^ ^ 

We notice that a shift in a does not introduce extra scale dependence so the choice for this scheme 
will not affect the final form of the Callan-Symanzik equation. In that case we may write again: 

^^+y "^•M;+y ^-•^= 

6 



I 



(2'^{o}(-2) +<?^{0}{-2))t- ^2 / gij 



where we arrived at the last line by using again the reasoning of subsection 13.41 From (j95p we may 
read off that: 

'^{0}(-2) = ^^^'/'{0}(-2)'/'{0}{4) (107) 

and drSct is just given by (f98l) with a = 1. We therefore find that 

(20{O}(-2) + ^^'<f>{0}(~2)<P{0m + ■ ■ -^J^^-^^ + J ^^''^{0}(-2)<^{0}(4) = ' (108) 

which we may rewrite as: 



/ 



SW f dW f llA^ . / 6W \2 , , 



As we have just argued, in this equation one may directly replace (^{o}(-2) with X{-2) when one 
works in a different renormalization scheme. The final Callan-Symanzik equation is therefore: 

This equation is precisely of the form (j49p and therefore again matches the field theory expectations. 



3.6 Multi-trace counterterms at higher orders 

Let us now discuss the systematics of holographic renormalization in the presence of multi-trace 
counterterms at higher orders in A. As in the previous subsection we will continue to omit terms 
involving the box □. Within this context we will work up to terms of order A'', which will allow us 
to also incorporate the effects of a triple-trace counterterm. 
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We note that the results below rely heavily on Mathematica and the methods we will discuss 
are correspondingly best suited for a computer implementation. Furthermore, to avoid clutter we 
will henceforth omit the dots which indicated terms involving boxes in the previous subsection. 



Seventh-order bulk solution 

At order A'' the bulk solution as expected becomes rather involved. The terms relevant to the 
discussion below take the following form: 

$ = ... + e2V<^(_2) + e2>{o}(-2) + • • • + e"^'?-<^{4) + <P{4) + ■■■ (HI) 
where 4>{o}(^2) ^^(^ </'(4) l^ft undetermined by the radial expansion and: 

1 ^3 11 ^3 J. ^6 17413 . ,2 

"^(-2) - ^ - ^ 86016000 '^{0}(-2)'/'(4) 

1 - \3 11 ^2 ,2 \6 132869 4 3 ^ ' 

"^(^^ - ^'^{0}(-2)'^(4) + A 387072000 ' 

where we should remember that (^(4) also has an expansion in A but (?i){o}(_2) does not since we 
continue to pick a bulk solution such that this coefficient is fixed at all orders. Notice also that 
the numerical coefficients appearing in (jll2p and below are specific to the toy model at hand and 
therefore do not carry much physical significance. 

Counterterm action 

The first noteworthy aspect of the holographic renormalization beyond order A^ is the fact that 
the conjugate momentum 11^ also has an expansion in A. This we may incoporate as follows. 

At any order A'^ the most leading divergence can be cancelled with a counterterm of the form 
example, up to order A'' we find that these 'single-trace' terms have the following 

form: 



A A^ ^4 A^ 



(113) 



24 1280 30720 



SIA"^ . A^ ^7 9827A6 . 29887A^ 



17203200 8601600 1189085184000 47563407360000 
Notice that this matches with the single-trace part of (j96p up to order A^. After adding these 
counterterms we define the A-corrected renormalized conjugate momentum as: 

n,^ = $ + -L^ (114) 
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For A = 0, this definition agrees with the renormahzed conjugate momentum IT,, as defined above 
but at higher orders it is manifestly different. Up to order A^ we trivially find: 

= $ _ 2$ - + i^$3 _ 186A^ ^5 _ 

8 1280 30720 17203200 ^ ' 

We will not need any higher-order corrections to below. 

The next step is to add the multi-trace counterterm action. At order A'^ we already found the 

term quadratic in 11^ which is the last term (j96p . At higher orders we find that the term quadratic 



in becomes: 



S^l = [ d^x^iU^)' \rX'<^^ +(-r- ^) X''^>^ 

11520 J V /V L ^-^g ^g280 J 



3 3321 \ . / 11 19867 \ . , , 

r A^^>^+ r + A^^>^ 116) 

1280 7884800 J V 92160 10218700800 J ^ ^ 

f 53 440057 \ ,7^7! 

V 7372800 286123622400 y J 

and we interpret all of these as double-trace divergences in the dual field theory. Starting at order 

A6 we find that we furthermore need a cubic term: 

^tt 2981 /■ . ^, . / 20815 3763891 \ 7 «! , , 

870912000 7 ^ I V277504 1465221127 J ^ ' 

These terms are interpreted as triple-trace counterterms. The fact that such terms first appear as 

a logarithmic divergence at order A^ is easily verified to match expectations from power counting 

in the dual field theory. 

Notice that we never needed a counterterm which is linear in 11^ at least to order A^. As in [1], 
we claim that the absence of such counterterms is systematic and that any divergences that would 
require such counterterms are in fact pseudo-non-local. 

One-point function 

The first variation of the on-shell action now takes the form: 

5{S + Sf, + St^ + S^,) = 

f ^2 ( aj. , x3 993 . . . 12226986017 ^4 . \ ^ 

jdx[- 6,^(4) + A Y^</'{0}(-2)</'(4) - A 2601123840000 -^i^K-^) J ^^^W^-^) 

f ,2 35 ,3 , ,6 309141727 ,0 ..-,o^ 

+ j ^ 768^W(-)^(^) - ' 123863040000 ^W(-^)^(^))'^(^) ' ^^'^^ 

where we already obtained the result at order A'^ in (|100|) . The proper source X(-2) is to this order 

defined via: 

o 35 3 , 107531227 5 ,2 , . 

= X(-2) + A ^X(_2)'/'(4) - A 1486356480000 ^(-2) '^W ' ^^^^^ 
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since this redefinition ensures that the variation of the on-shell action becomes: 



s{s + sil + st^ + sll) = 

,2 / , x3 757 2 ,2 ^6 2163761801 4 \ , , , 

^ K - ''^(^^ - ^ T2800^(-2)'^(^) - ^ 5202247680000 J " (''"^ 

The redefinition ()119p imphes that operator mixing occurs between single-, double- and triple-trace 
counterterms. 

Conformal anomalies 

As before, the holographic Callan-Symanzik will be obtained from: 

S ^ f . S 5 \ ^st , cdt , otu 



Upon changing variables to (^{o}{-2)5 0(4) and we find that: 
^ ^ f ^ ^ f ^ 



5^ J 5Iir J 



{'^4>{0}(-2) + 4>{-2))t- \- / (-4(/'(4) + 0(4))-r- h / 2g.y - 



o}(-2) y '5'/'{4) y ^9ij 



(122) 



where we used the same reasoning as in subsection 13. 4[ The coefficients 4>(--2) and i;^(4) were given 
in (jll2p . Furthermore, the partial r-derivative of the counterterm action is given by: 

^im 9.(5- + S^^ + 5^^) = / d^x(A3^0jo}(-2)^?4) - ^'l^^^{0}(-)^(4)) • (123) 

We now subsitute ()112p into (I122p and then substitute this back into p21|] . Substituting then also 
()123p and ()118p for the variation of the action with respect to (/>{o}(-2) and ^(4) we arrive at: 

d^x(^ - 12(/.|o}(_2)'^(4) - ^^^^'^{0}(-2)'^{4) + 

,6 1375122517 . \ f ^ t.. n ^^^^^ 

^ 1300561920000 ^W(-^)^W) + / ^^^'^^ = 



We may now finally change variables to X{~2) using (lllOp and also iteratively use (1120p to rewrite 
(/)(4) in terms of (^VF/(^X(-2)- This ultimately leads to: 



5W f\ 5W /" 11 3 / 5W \^ 



2981 . / 6W \3 ^^^^^ 



^ ' 1741824000 ^(-2)1^^' 
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As expected, we indeed find operator mixing at the triple-trace level. We may straightforwardly 
read off the beta functions for the double- and triple-trace operators in the presence of the source 
X(-2) fo^ the single-trace operator to be: 

R — \3 .,3 

6 2981 5 ^-^^^^ 
1741824000 ^(-2) ■ 

Notice that these beta functions are again specific to the toy model and furthermore they are 
not determined by conformal invariance alone. Therefore, their coefficients cannot be compared 
with computations in a dual conformal field theory. 



4 Conclusions and generalization 

In the previous section we have obtained the holographic Callan-Symanzik equation for a simple 
scalar A<I>'^ toy model. We however believe that the structures we exhibited are more general. In 
particular, we may directly generalize our method of deriving the holographic Callan-Symanzik 
equation to the situation with multiple (not necessarily scalar) bulk fields as follows. 

Consider a regularized bare on-shell bulk action which depends on the boundary values of a 
generic set of bulk fields (This set of bulk fields implicitly includes the metric ^ij on which the 
on-shell action always depends.) The counterterm action splits into the single-trace counterterm 
action S^l, which define renormalized conjugate momenta 11^ via 

5(So„-shell + Sll) = I d^X^ Yl ^r^'^' (127) 

I 

and the multi-trace counterterm action 5™* which contains terms which are at least quadratic in 
the n^. After adding all the counterterms the action remains by construction finite as r — )• oo. 
The first variation of the on-shell action, given in principle by: 

^(S'on.sheii + Sll + ) = j d^x^i. . .)5^' + j d'^x^i. . .)OT^ , (128) 

takes as r — 7- oo the form (repeated indices are summed over): 

55,en = hm 5(5on-shcll + ^cl + ^cf ) = / d'^X^iTT^S^^ ) + ^'<5<AfA+)) 

(129) 

= / d'^x^TT^^5xlA_) , 

where the 4'^(^a±) ^'^^ usual coefficients of the radial expansion of the field <I>^ at order exp(— A±r) 
which at the free-field level correspond to the source and the vev term, respectively. If vr^ were 
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zero, then the one-point functions would be directly defined by the vr^. On the other hand, if vf^ 
does not vanish there is mixing between single- and multi-trace operators. This occurs only if some 
of the multi-trace counterterms are logarithmic in nature. In such cases we perturbatively redefine 
the source as in (llOip such that the variation is of the form displayed on the last line of (I129P for 
some new source x[a )• (Alternatively we may choose a convenient renormalization scheme as we 
did in subsection 13.51 but in general we prefer not to fix the scheme dependence.) In that case the 
one-point functions of the renormalized operators are given by the vr^. 
The holographic Callan-Symanzik equation is obtained as: 

lim 4- f S-on-shcU + S^l + S^') = . (130) 



r— >-oo dr 

Using the method explained in the previous section we may rewrite this as: 

d 



with 6r defined as 



= lim (5r + J-) (Son-shell + Sll + ) , (131) 
r->oo \ or/ 



We then evoke the reasoning of subsection 13.41 to write (|13ip as: 

= / ((-^-'^fA-) + ^fA-))^"" + i-^+^iA.) + ^fA,))^"") + |:(^c1 + 5cf ) , 



(133) 



where i^^Ai) coefficients of r exp(— Aj-r) in the radial expansion of the field , respectively. 

Notice that all terms in (jl33p are explicit functions of (pj^^ ^ and (pj^^^y The final form of the general 
holographic Callan-Symanzik equation is now obtained by changing variables to ) and vr^ . The 
terms which are of quadratic or higher order in vr^ are then interpreted in terms of multi-trace 
operator mixing following the reasoning of subsection 12. 5[ 

The arguments presented above demonstrate that equation (I133p . interpreted as a function 
of ^ and vr^, is the most general form of a Callan-Symanzik equation that we may obtain 
holographically. We therefore see it as the main result of our paper. 

Let us emphasize that (1133P has precisely the expected form for a most general Callan-Symanzik 
equation of a large field theory as follows from equation ([3]) combined with (j4]) and the multi- 
trace results of section 12.51 Another non-trivial check of this result is the fact that the asymptotic 
analysis in the bulk suffices to obtain the complete Callan-Symanzik equation, including all the 
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beta functions. This matches the results obtained in the holographic renormalization literature 
and reflects the usual separation of scales in quantum field theory. 

The results we presented in this paper can be extended in various directions. First of all, it 
would be interesting to obtain the conformal Ward identity corresponding to general local Weyl 
rescalings in the presence of multi-trace counterterms. This can be done by inclusion of gravity 
in the bulk. One concrete example would be to extend the model outlined in section 3 of jl] to a 
case which involves logarithmic divergences. It would also be very interesting to extend the general 
Hamilton-Jacobi approach to holographic renormalization [43 ^ l44t [45l [TB] to include sources for 
irrelevant operators. This may shed some light on the mechanism which underlies the absence of 
counterterms linear in the conjugate momentum. Finally, our results will likely be useful in the 
study of non-AlAdS spacetimes, not only for renormalizing dual field theory correlation functions 
but also for the related investigation of asymptotic symmetries and the corresponding definition of 
conserved charges. 
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A Multi-trace operators at large N 

In this section we will review the standard prescription for multi-trace deformations at large N, 
following [371 [381 [Ml HOI HI 112] • We suppose that our quantum field theory obeys the same large 
counting rules as for example Yang-Mills theory in the 't Hooft limit. In terms of the fundamental 
fields of the theory, our composite single-trace operators are defined as: 



where the abstract index I is used to label the different operators in the theory. If we keep the 't 
Hooft coupling fixed then the action S takes the schematic form: 



where the coefficients cj are 0{N^). This action results in a factor of ^ for each propagator and 
a factor of A^ for each vertex and loop. Following 't Hoofts arguments we therefore find that the 



(134) 




(135) 



I 
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single-trace partition function, defined as 

exp(-VFo[t^]) = j D<P'exp S - N j tlOi^ , (136) 
scales to leading order as A^^. Let us rewrite it as: 

Wo[t'] = N^wo[t'] (137) 

so tfoit^] is of order N^. Upon functional differentiation with respect to the we also observe that 
n-point correlation functions of the operators Oj scale as A^^~"|^ 

Let us now consider switching on a multi-trace interaction. More precisely, we choose our factors 
of N such that the multi-trace partition function takes the formj^ 

exp{-W[t, /]) = j D^exp(^ - S - N j to - N"^ j /(iV-^O)) , (138) 

where /(c) is a polynomial in a with order one coefficients and for simplicity of notation we removed 
the indices I and i labelling the operators and the fundamental fields. We now formally rewrite 
this partition function as: 

exp{-W[t,f]) = j D<^ exp - S - N j to - j f{N~^0)^ 

= I D^DaDaexp(- S - N f tO- N"^ f f{a) - N"^ f a{a - N^^O)] 

\ . r , (139) 

= / DaDaexp ( - N'^wo[t - a] - N"^ / (/(a) + aa)) 

~ exp ( - N^wo[t + f'{a)] - j (/(a) - f\a)a)) , 

where the saddle-point approximation in the last line also dictates that: 

a = w'^[t + f'{a)]. (140) 

We conclude that, to leading order in the large N expansion: 

w% f] =wo[t + f'ia)] + I d^x{f{a) - f'{a)a) , (141) 

with (T as above and all terms in sight are now of order one. 



^One may of course introduce rescaled operators 0{x) = NO{x) whose n-point correlation functions all scale as 
A^^. This would also be the normalization one would obtain from a canonically normalized on-shell supergravity 
action. We however choose not to implement this rescaling here. 

^One may of course introduce rescaled operators 0{x) — N~^0{x) in order to absorb the explicit A*""^ in equation 



(|138|l . This would also be the normalization considered in much of the multi-trace literature, see for example [38] 
We however choose not to implement this rescaling here. 
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A.l Correlation functions involving multi-trace operators 

At large N the correlation functions involving multi-trace operators are easily seen to factorize by 
inspection of the relevant Feynman diagrams. This leads to for example: 

{0\y)Oixi)0{x2)0{x3)) = 2{0{y)0{xi)){0{y)0{x2)0{xs)) + (2 permutations) . (142) 

Let us now investigate to which extend the partition function /] is a generating functional of 
these factorized correlation functions. To this end we write 

/(a(x)) = ^^fc(a;)a(x)^ (143) 

k>2 

SO from (jl38p we see that the ti.{x) play the role of sources for the multi-trace operators 0^{x). 
We will also use the notation ti{x) = t{x) for the source of the single-trace operator 0{x). Let us 
now consider a small fluctuation of all the sources: 

tk{x) ^ tk{x) + 5tk{x) . (144) 

Using the above definitions we find that all the variations involving 5a cancel and we eventually 
obtain: 

5w[tk] = X] / d'^xaixfdtkix) . (145) 

k>l '' 

According to (jl38p we find that functional differentiation with respect to t generates insertions of 
NO whereas functional differentiation with respect to the other tk generates insertions of N'^~^0^ . 
Reinstating those factors of N as well as the overall A^^ of the partition function, we obtain that 

{0^{x)) = N^a{xf for ah A; > 1 . (146) 



Notice that upon further functional differentiation we find for example that: 

("^W^^'^W-^ls^a^*"),...-" ^^^^^ 



where we used that {0{x))\t^.={) = by conformal invariance. Perhaps surprisingly, the deformed 
partition function does not capture the double-trace two-point function but it does capture the 
three-point function involving one double-trace and two single-trace operators. The reason for this 
lies in the extra A^ on the first line of (jl47p . To see this, notice that to leading order we know that 
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both of the above correlators should factorize into a product of two single-trace two-point functions 
and they are therefore necessarily both of order (recall that single-trace n-point functions scale 
as A^^~"). However, the extra N'^ on the first line in (jl47p implies that the partition function gives 
us the order N'^ term in the two-point function of O^. This should evaluate to zero and indeed we 
find that it does. On the other hand, there is no such factor on the second line of ()147p . We are 
thus computing the term in the three-point function and indeed we obtain a non-zero answer. 

The above result can be generalized as follows. As we mentioned above, functional differentiation 
with respect to the sources actually generates insertion of N'^~^0'^ . On the other hand, the only 
A^-dependence in the partition function is an overall iV^. Therefore the deformed multi-trace 
partition function captures only those correlation functions for which: 

In other words, only if a correlation function satisfies: 

^QkiQk2 ^ ^ ^ Qkn^ ^ 7V^-2n+Er=i fc» (149) 

is it captured by the partition function. Upon substitution of the correct values of the ki and n we 
again recover the results in (1147p . 
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